We study the second derivative Q cλ of the Yang-Mills-Higgs functional with structure group SU (2) at a spherically symmetric critical point c λ when the self-interaction parameter λ is not close to 0. We find that if Q cλ 0 is non-negative and with kernel consisting entirely of translation modes then positivity persists in a neighborhood of λ 0 . In particular, we show that if translation modes always account for the whole kernel then Q cλ is always non-negative. This extends our previous results for λ in an neighborhood of 0.
Introduction.
The Yang-Mills-Higgs functional E λ on R 3 , with structure group SU (2), is the classical static version of the functional introduced by P. Higgs in [H] . The critical points of E λ correspond to magnetic monopoles.
It has been known since the late 70s that spherically symmetric critical points c λ of E λ exist for all values of the positive parameter λ. The authors of this paper have recently shown that for positive λ in a neighborhood of 0 these critical points have non-negative Hessian Q c λ , i.e., they are (weakly) stable, see [AD] . The aim of this article is to investigate the stability of c λ for (the more relevant for physics) large values of λ.
For λ = 0 the spherically symmetric solution c 0 satisfies the first order (Bogomol'nyi) equation for global minima, [JT] . This equation is unique to the λ = 0 case and has no analogue for λ = 0. One of the crucial observations in [AD] for extending the positivity from λ = 0 to λ = 0 is that the kernel of the Hessian at 0 consists entirely of translation modes. Here we show that this is not special to λ = 0: For any positive λ 0 where Q c λ 0 is non-negative, if the kernel of Q c λ 0 is the span of the translation modes then Q c λ is non-negative for λ in a neighborhood of λ 0 . In the same neighborhood the dimension of the kernel may not increase. The first main result then is:
Theorem. The set of λ ≥ 0 for which Q c λ is non-negative and has 3-dimensional kernel is open.
In addition, since for λ close to λ 0 it is shown that Q c λ is close to Q c λ 0 , the set of λ's for which Q c λ ≥ 0 is closed, yielding:
Corollary. If kerQ c λ is always 3-dimensional then Q c λ is non-negative for all λ.
The proof of the main results consists of three parts. First it is shown that if Q c λ 0 is non-negative then, away from its kernel, it is bounded below by a strictly positive constant. Then c λ is shown to converge to c λ 0 in the configuration space as λ → λ 0 . This implies that the Hessians Q c λ are all defined on the same Hilbert space and that they differ by a small amount. It is then shown that the subspaces N λ spanned by the translation modes of c λ contain the kernel of Q c λ 0 at the limit. This implies that directions orthogonal to N λ are almost orthogonal to, and definitely not in, the kernel of Q c λ 0 . For the last two steps in the proof the estimates of [AD] need to be extended from uniform estimates on some neighborhood of 0 to uniform estimates on any compact λ-interval.
In Section 2 we review the basics of the theory and state the main results. The proofs are contained in Section 3, where we focus on aspects that are genuinely different from the λ 0 = 0 case. It is in Section 4 that we show how to improve the estimates in [AD] so that they hold on any bounded λ-interval.
2.
The functional E λ and the symmetric solutions c λ .
The Yang-Mills-Higgs functional E λ with self-interaction parameter λ ≥ 0 is defined by
on pairs c = (A, Φ). Here A is a connection on the SU (2) bundle SU (2)×R 3 over R 3 and Φ is a section of the associated bundle E with fiber the Lie Algebra su(2), E = su(2) × R 3 . F A is the curvature of the connection A and d A Φ the covariant derivative of Φ with respect to the connection A:
All norms use the Killing inner product on su(2) and the standard metric on R 3 . E λ is defined on the configuration spacê
Note here thatĈ stays the same for all λ > 0. For the special case λ = 0 see [AD] .Ĉ is equipped with the L 2 1,loc topology intersected with the topology that makes d A Φ 2 and F A 2 continuous. E λ , λ ≥ 0 is invariant under the action of the gauge group
2,loc }, where g · A = gAg −1 + gdg −1 , and g · Φ = gΦg −1 . Then E λ descends to the quotient C =Ĉ/G.
To define the space T c C of admissible infinitesimal perturbations at c = (A, Φ) in C, consider first the completion H c of C ∞ 0 sections on R 3 with respect to the inner product norm
H c contains only directions that keep E λ finite, c.f. [T1] , but it still contains deformations along the orbit of G. This is remedied here by excluding the elements of the kernel of the (formal) adjoint of the linearization of the action
We define therefore
The variational equations for λ ≥ 0 are the Yang-Mills-Higgs equations
For any c = (A, Φ) in C, the second derivative of the energy E λ defines a bilinear form on
the Hessian of the Yang-Mills-Higgs functional. Then
and the corresponding quadratic form is
Now recall the following standard:
Definition 2.1. LetQ be a bilinear form a Hilbert space H.
Throughout this paper whenever Q is the quadratic form associated to a bilinear formQ we use the phrase "v 0 is in kerQ" to mean "v 0 is in kerQ".
The following is rewriting Q λ,c on T c C as in [T2] , page 246.
Proof. First separate in Q λ,c the terms that contain λ from those that do not, using the obvious notation:
Next use the Bochner-Weitzenböck formula for 1-forms on flat spaces, see page 95 of [L] , and integrate by parts to get
In [tH] and [P] 't Hooft and Polyakov suggest spherically symmetric solutions for the three-dimensional Yang-Mills-Higgs equations. With respect to the standard basis e a , a = 1, 2, 3 of su(2) their Ansatz is
with boundary conditions K(r) → 0 and H/r → 1, as r → ∞.
On configurations of this form, E λ is
for all h, k with compact support on [0, ∞). This yields the system of non-linear, second order, ordinary differential equations
It is relatively easy to produce critical points of the 1-dimensional integral by direct minimization, see [D] for example. On the other hand it is a standard fact, referred to as "the principle of symmetric criticality" in [Pa] , that due to symmetry a critical point of the 1-dimensional integral is also a critical point of E λ overall.
Therefore for each λ there is a spherically symmetric monopole solution. Throughout this paper
will denote this solution.
Remark on notation. The notation for the Hessian Q λ,c λ of E λ over all directions in T c λ C will be shortened to Q c λ . Otherwise, Q λ,c will denote the Hessian at an arbitrary configuration c in C.
There is no a priori reason why c λ should be an overall minimum. For example, the spherically symmetric minimizer of the Skyrmion functional has (non-spherically symmetric) unstable directions, see [WB] .
For λ = 0 the the point c 0 is a global minimum in the connected component of all configurations with finite E 0 energy, [M] .
For λ = 0 and small, the main result in [AD] is:
The behavior of Q c λ for λ away from λ = 0 is investigated here. For this, define
Then Theorem 2.3 states that Λ ∩ Λ is not empty and contains an interval of the form (0, λ 0 ). The main result here is:
With this, to prove that Q c λ is non-negative for all λ reduces to the following: 
There are subspaces N λ of kerQ λ such that N λ contains kerQ λ 0 at the limit as λ → λ 0 . Then there exists ε > 0 such that whenever |λ − λ 0 | < ε then
Proof. If v is in N ⊥ λ and of norm 1 then, for λ sufficiently close to λ 0 , there is v of norm 1 in kerQ ⊥
Reduction to a single Hilbert space.
Before Proposition 3.1 can take over, one has to establish that as λ → λ 0 the spaces T c λ C are isomorphic and therefore all Hessians Q c λ are defined on the same space.
Lemma 3.2. For any c and c in C with c − c in T c C the following holds:
| v c − v c | ≤ M c v c c − c c .
In particular, for c − c c sufficiently small the identity on
Proof. The proof for the norm . c as defined here, is the same as the proof of Proposition B6.2 of [T1] .
That the conditions of this Lemma are satisfied for spherically symmetric solutions is proved in the following:
Proof. It is a matter of straightforward calculation to show that this follows by the fact that the following norms over [0, ∞) go to 0 as λ → λ 0 :
For these estimates work as follows:
Step 1. Estimates for H λ and K λ . First obtain uniform in λ pointwise bounds on the fields on [0, r 0 ), for r 0 sufficiently small, see (23) and (24) in Section 4.
Then obtain uniform in λ pointwise exponential decay estimates on the fields on [r 1 , ∞) for r 1 sufficiently large, see Proposition 4.2 in Section 4.
For the intervals of the form [r 0 , r 1 ], Proposition 7.1 of [AD] shows that
is an non-decreasing function of λ, therefore bounded on bounded intervals. As an elementary case of Uhlenbeck's compactness, this suffices for uniform convergence of the fields on bounded domains, see Proposition 7.4 of [AD] .
Step 2. Estimates for H λ and K λ . These follow from the estimates on H λ and K λ after using equations (YMH1) and (YMH2) that do not involve first derivatives, see Proposition 4.1 below.
Step 3. Estimates for H λ and K λ . For these, obtain uniform in λ pointwise decay estimates on the first derivatives on [r 1 , ∞), c.f. Propositions 8.2, 9.4 and 9.5 of [AD] . On [0, r 1 ) use Step 2, the Poincaré inequality and the fact that H λ (0) = K λ (0) = 0. The details follow from the arguments in [AD] , after observing that the pointwise estimates there on the fields H λ , K λ and their first derivatives are valid for λ in any specified bounded interval; see Section 4 below. Proof. It suffices to show thatQ λ,c (v, w) ≤ K v c · w c for some constant K and all v and w. To see that this holds separately for each term ofQ λ,c , use the fact that Φ is bounded and the inequalities
Remark. H λ − H λ
c.f. [T1] .
Remark. It is standard to show using maximum principle that for any critical point c = (A, Φ) of E λ , and in particular for the spherically symmetric solutions c λ , the Higgs field Φ satisfies |Φ|(x) < 1.
When Q λ,c is non-negative.
Theorem 3.5. For any c in C the following fold:
Proof. 1) SinceQ λ,c is continuous, this follows from the fact that 2Q
2) First use Lemma 2.2 to rewrite the Hessian as
Then for ε ≤ min(λ, 1) we have:
Each term of the first two lines is weakly lower semi-continuous with respect to the . c -norm: For the first term, for example, note that if (a n , φ n ) converges weakly to (a, φ) in T c C then
since · c is a norm and hence weakly lower semicontinuous. The weak continuity of the terms in the third line follows as in Section VI of [T2] from the fact that F A , d A Φ and ||Φ| 2 − 1| belong to L 2 (and therefore Property ( * ) of [T2] is satisfied).
The terms in the fourth line are also weakly continuous since they regroup as
The following is the main application of the weak lower semi-continuity offered by Theorem 3.5.
Proof. Let v n be a sequence in kerQ ⊥ λ,c with v n c = 1 and Q λ,c (v n ) → 0. By considering a subsequence, assume that v n is weakly convergent and let v ∈ kerQ ⊥ λ,c be its weak limit. Since Q λ,c is weakly lower semicontinuous (by Theorem 3.5) and non-negative, obtain that Q λ,c (v) = 0. Moreover, since there is an ε > 0 such that Q λ,c (·) − ε · 2 c is weakly lower semicontinuous, it follows that 
3.6. λ-subspaces containing the kernel of Q c λ 0 at the limit. For λ ≥ 0 consider the subspace of T c λ C spanned by the translation modes, i.e., the partial derivatives of c λ :
As a result of a straight-forward calculation
In addition the first variation of E λ vanishes at c λ , therefore
which shows that N λ is a subspace kerQ c λ .
Proof. As a matter of a straightforward calculation using that |Φ λ 0 |(x) < 1, and that |A λ 0 | is uniformly bounded by [AD] ,
if, in addition to the estimates in the proof of 3.3, the following norms over [0, ∞) tend to 0 as λ → λ 0 :
Observe that this involves estimates on the fields, their first and their second derivatives. These follow again as in [AD] using the fact that the pointwise estimates on the fields and their derivatives hold for λ on any specified bounded interval, see Section 4.
Proof or Theorem 2.4. Fix λ 0 in Λ ∩ Λ 0 . Then subsections 3.2 to 3.6 show that Q c λ 0 satisfies the conditions 1) to 4) respectively of Proposition 3.1, and that for λ close to λ 0 all the Hessians Q c λ are defined on the same space as Q c λ 0 . Then Proposition 3.1 applies to give part 1) of Theorem 2.4. The second part of Theorem 2.4 follows immediately from Lemma 3.7, which shows that the complement of Λ is open. Now for the third part of Theorem 2.4 argue as follows: by Thorem 2.3, both the first connected component Λ 0 of Λ and the first connected component Λ 0 of Λ are intervals starting from 0. If Λ 0 is not contained in Λ then Λ 0 is a proper subset of Λ 0 . Let λ 0 be the supremum of Λ 0 , which by the second part of the theorem belongs to Λ 0 , i.e., λ 0 is in the intersection of Λ and Λ . This contradicts the first part of the theorem. The proof of theorem 2.4 is now complete.
Estimates.
This section will substantiate the claim that the estimates of [AD] for λ in a neighborhood of 0 can be extended to estimates on any bounded λ-interval. 
